The determination of renormalization factors is of crucial importance in lattice QCD. They relate the observables obtained on the lattice to their measured counterparts in the continuum in a suitable renormalization scheme. Therefore, they have to be computed as precisely as possible. A widely used approach is the nonperturbative Rome-Southampton method. It requires, however, a careful treatment of lattice artifacts. In this paper we investigate a method to suppress these artifacts by subtracting one-loop contributions to renormalization factors calculated in lattice perturbation theory. We compare results obtained from a complete one-loop subtraction with those calculated for a subtraction of contributions proportional to the square of the lattice spacing.
Introduction
Renormalization factors in lattice Quantum Chromodynamics (QCD) relate observables computed on finite lattices to their continuum counterparts in specific renormalization schemes. Therefore, their determination should be as precise as possible in order to allow for a reliable comparison with experimental results. One approach is based on lattice perturbation theory [1] . However, it suffers from its intrinsic complexity, slow convergence and the impossibility to handle mixing with lower-dimensional operators. Therefore, nonperturbative methods have been developed and applied. Among them the so-called Rome-Southampton method [2] (utilizing the RI-MOM scheme) is widely used because of its simple implementation. It requires, however, gauge fixing.
Like (almost) all quantities evaluated in lattice QCD also renormalization factors suffer from discretization effects. One can attempt to cope with these lattice artifacts by extrapolating the nonperturbative scale dependence to the continuum (see Ref. [3] ) or one can try to suppress them by a subtraction procedure based on perturbation theory. Here we shall deal with the latter approach.
In a recent paper of the QCDSF/UKQCD collaboration [4] a comprehensive discussion and comparison of perturbative and nonperturbative renormalization have been given. Particular emphasis was placed on the perturbative subtraction of the unavoidable lattice artifacts. For simple operators this can be done in one-loop order completely by computing the corresponding diagrams for finite lattice spacing numerically. While being very effective this procedure is rather involved and not suited as a general method for more complex operators, especially for operators with more than one covariant derivative, and complicated lattice actions. An alternative approach can be based on the subtraction of one-loop terms of order a 2 with a being the lattice spacing. The computation of those terms has been developed by the authors of Ref. [6] and applied to various operators for different actions. In this paper we use some of those results for the analysis of Monte Carlo data for renormalization coefficients.
We study the flavor-nonsinglet quark-antiquark operators given in Table 1 . The cor- Table 1 : Operators and their representations as investigated in the present paper. The symbol {...} means total symmetrization. A detailed group theoretical discussion is given in [5] .
responding renormalization factors have been measured (and chirally extrapolated) at β = 5.20, 5.25, 5.29 and 5.40 using N f = 2 clover improved Wilson fermions with plaquette gauge action [4] . All results are computed in Landau gauge. The clover parameter c SW used in the perturbative calculation discussed below is set to its lowest order value c SW = 1.
Renormalization group invariant operators
We define the renormalization constant Z of an operator O from its amputated Green function (or vertex function) Γ(p), where p is the external momentum and the operator is taken at vanishing momentum. The corresponding renormalized vertex function and the Born term (with all lattice artifacts included) are denoted by Γ R (p) and Γ Born (p), respectively. If there is no mixing, Z can then be obtained by imposing the condition
for vanishing quark mass at p 2 = µ 2 , where µ is the renormalization scale. The Z factor relates the renormalized and the unrenormalized vertex function through
with Z q being the quark field renormalization constant determined by
in the chiral limit again at p 2 = µ 2 . Condition (1) together with (3) defines the RI ′ -MOM renormalization scheme. Here S −1 is the inverse quark propagator. Using (1) we compute
For operators transforming as singlets under the hypercubic group H(4), such as O S , Z can depend on the components of p only through H(4) invariants.
For operators belonging to an H(4) multiplet of dimension greater than 1 the condition (1) violates H(4) covariance and would in general lead to different Z factors for each member of the multiplet. In Ref. [4] an averaging procedure has been proposed to calculate one common Z factor for every multiplet. Labeling the chosen operator basis by i = 1, 2, . . . , d the common Z was calculated from
This condition leads to an H(4)-invariant Z for the operators without derivatives in Table 1 . However, in general this is not the case. It is not difficult to devise a renormalization condition that respects the hypercubic symmetry. Choosing a basis of operators (again labeled by i), transforming according to a unitary irreducible representation of H(4), the relation
defines a Z factor which is invariant under H(4), provided that the quark field renormalization factor is also H(4) invariant. The derivation of renormalization condition (6) is given in the Appendix. For the operators without derivatives the definitions (6) and (5) are equivalent. For the considered operators with one derivative the resulting differences turn out to be negligible. In the following the Z factors will be determined from (6) using the operator bases given in Table 1 . This is our version of the RI ′ -MOM scheme.
We define a so-called RGI (renormalization group invariant) operator, which is independent of scale M and scheme S, by [4] 
with
and the RGI renormalization constant (depending on a via the lattice coupling)
Here g S , γ S and β S are the coupling constant, the anomalous dimension and the β-function in scheme S, respectively. Relations (7), (8) and (9) 
It turns out that a type of momentum subtraction scheme is a good choice for S (for details see Ref. [4] ). The formula which is used to compute the transformation factor Z S RI ′ −MOM (µ) is given there together with all needed coefficients of the β-function and anomalous dimensions, which are based on continuum three-loop calculations such as those in [7, 8, 9] .
On a lattice with linear extent L the scale µ should ideally fulfill the relation
In that case Z RGI (a) would be independent of µ, and from the resulting plateau we could read off the corresponding final value. However, in practice aµ is not necessarily small leading to non-negligible lattice artifacts that have to be tamed. A promising tool to control lattice artifacts in a systematic way is lattice perturbation theory: We expect that after subtracting these perturbative terms the calculation of the Z factors can be done more accurately.
Subtraction of all lattice artifacts in one-loop order
In standard lattice perturbation theory the one-loop renormalization constants are given in the form
This means that the a-dependence is retained only in the logarithm and implicitly in g, while in all other contributions the limit a → 0 has been taken. However, there is no need to do so. We can keep a finite everywhere and thus evaluate the lattice artifacts at one-loop order completely, proceeding as follows. Let us denote by F (p, a) the total one-loop correction and byF (p, a) the expression resulting from F (p, a) by neglecting all contributions which vanish for a → 0. The difference
represents the lattice artifacts in one-loop perturbation theory and is used to correct for the discretization errors:
There is a certain freedom in choosing the coupling g ⋆ in (14). It turned out that the use of the boosted coupling
(P (g) being the measured plaquette at β = 6/g 2 ) is quite successful in estimating the higher-order discretization effects. With the prescription (14) all lattice artifacts in oneloop order are subtracted.
In Fig. 1 we show the effect of subtraction on the RGI renormalization factors for selected operators of Table 1 . For all operators we recognize after subtraction a remarkable smoothing and a pronounced plateau as a function of p 2 for p 2 10 GeV 2 . The large bending in the small p 2 region might indicate the breakdown of perturbation theory (cf. the discussion in [4] ). The examples show that the one-loop subtraction of lattice artifacts (14) works very well and, moreover, is needed for a precise determination of the renormalization constants. The final values for Z RGI from (10) are obtained by a fit with an ansatz [4]
The free parameter b 1 takes into account that the transformation factor Z S RI ′ −MOM (p) is known to three-loop order g S 6 only. Further possible lattice artifacts are parametrized by c 1 a 2 p 2 . For practical reasons the numerical calculation of F (p, a) -and therefore the calculation of Z RGI using (16) -is restricted to operators with at most one derivative and for N f = 2 only. In order to perform the subtraction for a wider class of operators and/or for N f = 2+1 (where the considered lattice action becomes more complicated) we have to look for an The diagrammatic approach to compute the one-loop a 2 terms for the Z factors of local and one-link operators has been developed by some of us [6, 10] . The general case of Wilson type improved fermions is discussed in [11] . For details of the computations we refer to these references. Here we give explicitly the results for the operators and actions investigated in this paper (massless improved Wilson fermions with c SW = 1, plaquette gauge action, Landau gauge).
Using the relation (6) we compute a common Z factor for each multiplet given in Table 1 . The results are as follows:
Here we have introduced the notation
with p λ being the momentum components. Note that terms of type (S 4 /S 2 ) log(a 2 S 2 ), appearing in Z S , Z V , Z A , Z T , all have the same coefficient which arises solely from the quark wave function renormalization constant Z q . The corresponding one-loop vertex functions Γ i (p) in (6) do not contain such a structure. For later purposes we write the Z factors generically as
We emphasize that the numerical coefficients in the above expressions are either exact rationals or can be computed to a very high precision. 
Here, i λ are integers and L λ is the lattice extension in direction λ. We compare the correction terms for a general set of momenta with those obtained for the momenta used in this investigation at β = 5.40 on 24 3 × 48 lattices and with 'diagonal' momenta, i.e., momenta on the diagonal of the Brillouin zone. 
3 × 48 lattice at β = 5.40. The green filled circles are the values for an arbitrary set of (mostly non-diagonal) momenta, whereas the red filled squares are obtained from the momenta used in this investigation. The blue line is computed from diagonal momenta. The figures show that the momenta of the actually measured Z factors are very close to the diagonal. Furthermore, one recognizes that the magnitude of the calculated one-loop a 2 corrections in the used momentum range is small but not negligible compared to the measured values which are of order 1 (see also Fig. 1 ). Therefore, one can expect that the subtraction of those terms yields a noticeable effect.
Subtraction of lattice artifacts up to order a 2
The subtraction procedure of order a 2 terms is not unique -we can use different definitions. The only restriction is that at one-loop order they should agree (treating Z RI ′ −MOM bare (p, a) MC in perturbation theory). We investigate the following possibilities,
where g ⋆ can be chosen to be either the bare lattice coupling g or the boosted coupling g B (15) . (In the following we denote subtraction type (20) the renormalization constants for the scalar and tensor operators. The complete one-loop subtraction results in a clear plateau for both Z RGI factors. Using the a 2 subtractions there remains a more or less pronounced curvature which has to be fitted. From the definitions of the subtraction terms it is clear that they vanish at a 2 p 2 = 0. Moreover, for small p 2 ≈ 10 GeV 2 the subtraction methods (s) and (14) already agree, as they should. However, as discussed above, Z RGI can only be determined from sufficiently large momenta (p 2 
GeV
2 ), where differences arise between the various procedures. Therefore the results for Z RGI may differ depending on the kind of subtraction. As can be seen in Fig. 5 , this effect varies strongly from operator to operator.
Fit procedure
Compared to the complete one-loop subtraction we expect that Z RI ′ −MOM bare (p, a) MC,sub as computed from (s) or (m) contains terms proportional to a 2n (n ≥ 2) even at order g 2 , as well as the lattice artifacts from higher orders in perturbation theory, constrained only by hypercubic symmetry. Therefore, we parametrize the subtracted data for each β in terms of the hypercubic invariants S n defined in (18) as follows
There are also further non-polynomial invariants at order a 4 , a 6 , but their behavior is expected to be well described by the invariants which have been included already. Ansatz (22) is a generalization of (16): After the 'reduced' one-loop subtraction of lattice artifacts the Z factors are expected to depend more strongly on a 4 or a 6 hypercubic invariants than after the complete one-loop subtraction (see Fig. 5 ). The parameters c 1 , . . . , c 8 describe the lattice artifacts.
Together with the target parameter Z RGI (a) we have ten parameters for this general case. In view of the limited number of data points for each single β value (5.20, 5.25, 5.29, 5.40) we apply the ansatz (22) to several β values simultaneously with
where k labels the corresponding β value (a k = a(β k )). The parameters c i are taken to be independent of β. This enhances the ratio (number of data points)/(number of fit parameters) significantly and we obtain several Z RGI (a k ) at once. The fit is performed by a nonlinear model fit which uses -depending on the actual convergence -either the Nelder-Mead or a differential evolution algorithm [12] . Additionally, we have checked some of the fit results using MINUIT [13] .
The renormalization factors are influenced by the choice for r 0 Λ MS . This quantity enters ∆Z S (M) in (8) via the corresponding coupling g S (M) (for details see [4] ). We choose r 0 Λ MS = 0.700 [14] . In order to estimate the influence of the choice of r 0 Λ MS we also use r 0 Λ MS = 0.789 calculated in [15] . The Sommer scale r 0 is chosen to be r 0 = 0.501 fm and the relation between the lattice spacing a and the inverse lattice coupling β is given by r 0 /a = 6.050 (β = 5.20), 6 .603 (β = 5.25), 7.004 (β = 5.29) and 8.285 (β = 5.40) [16] .
Renormalization factors for local and one-link operators
The fit procedure as sketched above has quite a few degrees of freedom and it is essential to investigate their influence carefully. A criterion for the choice of the minimal value of p 2 is provided by the breakdown of perturbation theory at small momenta. The data suggest [4] that we are on the 'safe side' when choosing p 2 min = 10 GeV 2 . As the upper end of the fit interval we take the maximal available momentum at given coupling β.
Other important factors are
• Type of subtraction: As discussed above the procedure of the one-loop subtraction is not unique. We choose different definitions (s) and (m) with either bare g or boosted coupling g B .
• Selection of hypercubic invariants: For the quality of the fit it is essential how well we describe the lattice artifacts which remain after subtraction [17, 18] . This is connected to the question whether the a 2 subtraction has been sufficient to subtract (almost) all a 2 artifacts. Therefore, we perform fits with various combinations of structures with coefficients c i in (22). One should mention that the concrete optimal (i.e. minimal) set of c i depends strongly on the momenta of the available Monte Carlo data -nearly diagonal momenta require fewer structures to be fitted than far off-diagonal ones.
The analysis should provide an optimal restricted set of parameters which can be used as a guideline for other classes of operators. Nevertheless, one has to inspect every new case carefully.
The results for Z RGI will depend on the above mentioned factors. As a detailed presentation for all operators and β-values would be too lengthy, we select some operators and/or β values and take the corresponding results as a kind of reference. All results presented in this section are computed for r 0 Λ MS = 0.700. The choice r 0 Λ MS = 0.789 leads to qualitatively similar results. The large number of parameters in ansatz (22) 
Dependence on the subtraction type
In Fig. 6 we present the Z RGI for operators O S , O V , O T and O v 2,a for the different subtraction types using the fit ansatz (22) with all c i = 0, i.e., we include a 2 , a 4 and a 6 terms. From the discussion in Section 4.2 we expect that the resulting differences vary from operator to operator (cf. Fig. 5) .
From Fig. 6 we observe that the complete one-loop subtraction (1) and the subtraction (2) agree within 1 %. This is not unexpected because the subtraction schemes are similar and the gauge couplings coincide. The differences in the results for (2) and (3) can be used as an indication for a systematic uncertainty in the determination of Z RGI based on the schemes (s,m). We observe that both subtraction approaches are numerically almost equivalent. Choices (4) and (5) lead to Z RGI factors which are partly outside the 1 % deviation. Generally, we recognize that all subtraction procedures for both bare and boosted couplings produce fit results within a reasonable error band width.
In order to test the effect of subtraction we compare the g 2 a 2 contributions as given in (17) with the remaining lattice artifacts of the Monte Carlo data fitted after subtraction, i.e. the result for (22) setting Z RGI (a) = 0. In Fig. 7 we show the results for the same selected operators choosing g B . In the small p 2 region the remaining lattice artifacts are significantly smaller than the one-loop a 2 terms (operators O S , O T and O v 2,a ). In case of already small one-loop a 2 artifacts (operator O V ) the final artifacts remain small. This behavior strongly suggests to subtract the one-loop a 2 terms before applying the fit procedure. Since the boosted coupling g B is assumed to remove large lattice artifacts due to tadpole contributions in the perturbative series, we will use g B in the following. In addition, we restrict ourselves to subtraction type (s), which is closest in spirit to the complete one-loop subtraction studied in [4] (leading approximately to a plateau in the Z RGI as a function of p 2 ). 
Dependence on hypercubic invariants
Now we discuss the dependence on the hypercubic invariants included in the fit ansatz (22). The goal is to select a reasonable set of parameters to parametrize the remaining lattice artifacts. Figure 8 shows the fit results for some Z RGI utilizing different parameter sets {c k }. We use the subtraction type (s) with g ⋆ = g B . In that case the results from the complete one-loop subtraction (1) serve as reference values.
Generally, we recognize that the resulting RGI renormalization factors do not vary significantly. Most fit results for Z RGI are located in a 1 % deviation band around the corresponding complete subtraction results (1). In addition, parametrizations (2) and (3) give almost identical fit results. This reflects, of course, the fact that our momenta are very close to the diagonal in the Brillouin zone. These restricted momentum sets might be the reason that even 'incomplete' hypercubic invariant sets (4, 5) can be used to obtain reasonable fits. For the final results we use the fit with all c i = 0 which would be natural in the case of more off-diagonal momenta.
In Figs. 9, 10 and 11 we show the results for all operators using the parameter sets with all c i compared to the results obtained by the subtraction scheme based on (14). 6 Results for local and one-link operators and conclusions
As a result of the preceding discussions we use subtraction type (s) (eq. (20)) with boosted coupling g B and the fitting formula (22) with all c i and b 1 coefficients to determine the Z RGI . The final renormalization factors are collected in Table 2 using the two different r 0 Λ MS values 0.700 and 0.789. This shows the influence of the choice of r 0 Λ MS (depending on the anomalous dimension of the operator). For the investigated operators and β values we found for the relative differences of the Z
For comparison we collect in Table 3 the values for Z RGI computed by means of fits with the ansatz (16) to data where a complete one-loop subtraction of lattice artifacts (according to (14) with g ⋆ = g B ) has been performed. Note that here the errors are determined from the variation of the subtracted data between the scales µ 2 = 10, 20, 30 GeV 2 [4] . The reported renormalization factors are calculated for the values r 0 /a given at the end of Section 4 and, therefore, differ from those given in [4] . in both tables agree within 1 %. The Z factors of the one-link operators differ at most by 2 %. Let us compare our results in Table 3 for the local vector current with Z RGI V obtained from an analysis of the proton electromagnetic form factor [19] following [20] , which are listed in Table 4 . The numbers agree within less than 1 % with the numbers in Table 3 (r 0 Λ MS = 0.700), supporting the complete one-loop subtraction as our reference point.
From the present investigation we conclude: The alternatively proposed 'reduced' subtraction algorithm can be used for the determination of the renormalization factors if the complete subtraction method is not available. Possible applications could be Z factors for N f = 2 + 1 calculations with more complicated fermionic and gauge actions where one-loop results to order a 2 are available (for the fermionic SLiNC action with improved Symanzik gauge action see Ref. [10] ).
In this study we have analyzed data sets with momenta close to the diagonal of the Brillouin zone. The one-loop a 2 contributions to the Z factors are completely general and can be used for arbitrary (also non-diagonal) momentum sets. Our ansatz (22) allows to take into account the remaining artifacts after subtracting these one-loop a 2 terms. To get reasonable fit results the ratio (number of data points)/(number of fit parameters) has to be sufficiently large.
As we pointed out the subtraction type is not unique. With (s) and (m) we tested two different types. The resulting fits do not give a clear preference for one of these. Even the additional choice for the coupling (g ⋆ = g or g ⋆ = g B ) does not lead to significantly different results. Therefore, our final choice (s) (eq. (20) with g ⋆ = g B ) was supported by 'external' arguments: the improved behavior of the boosted perturbative series and the results obtained by complete one-loop subtraction [4] . We have shown that already the one-loop a 2 subtraction improves the behavior of the Z factors significantly: In the small p 2 region the contributions of the remaining lattice artifacts are smaller than the corresponding one-loop a 2 terms. As mentioned above, the accuracy to determine the Z factors is already at the 1 % level for local operators and at the 2 % level for operators with one covariant derivative compared to the complete one-loop subtraction of lattice artifacts. Additional systematic uncertainties are due to the choice of the r 0 Λ MS and r 0 /a. or, equivalently,
